
Homework 1

Math 766
Spring 2012

7.1.3 Suppose that for each n ∈N, fn : E→R is bounded. If fn→ f uniformly on E as n→ ∞, then { fn}
is uniformly bounded on E and f is a bounded function on E.
Proof: For each n ∈ N, there exists Mn > 0 such that | fn(x)| ≤ Mn for all x ∈ E. Since fn → f
uniformly, there exists N ∈ N such that

n,m≥ N =⇒ | fn(x)− fm(x)|< 1 for all x ∈ E.

Define M = max(M1,M2, ...,MN)+1. Then for any n ∈N and any x ∈ E, it follows that | fn(x)| ≤M
since

n > N =⇒ | fn(x)| ≤ | fN(x)|+ | fn(x)− fN(x)| ≤MN +1≤M
n≤ N =⇒ | fn(x)| ≤Mn ≤M.

Therefore fn is uniformly bounded. Since fn→ f uniformly on E, there exists N ∈ N such that

n≥ N =⇒ | fn(x)− f (x)|< 1 for all x ∈ E.

Then for all x ∈ E
| f (x)| ≤ | fN(x)|+ | f (x)− fN(x)| ≤MN +1.

Therefore f is bounded on E as well. �

7.1.5 Suppose fn→ f and gn→ g uniformly on E ⊂ R as n→ ∞.

c) If f and g are bounded on E, then fngn→ f g uniformly on E.
Proof: Let ε > 0 since f ,g are bounded on E, let M > 0 such that | f (x)| ≤M and |g(x)| ≤M
for all x ∈ E. There exists N ∈ N such that

n≥ N =⇒ | fn(x)− f (x)|< ε for all x ∈ E

n≥ N =⇒ |gn(x)−g(x)|< ε for all x ∈ E.

This implies also that for n≥ N and x ∈ E

| fn(x)| ≤ | f (x)|+ | f (x)− fn(x)| ≤M + ε.

Then for all x ∈ E and for any n≥ N

| fn(x)gn(x)− f (x)g(x)| ≤ | fn(x)gn(x)− fn(x)g(x)|+ | fn(x)g(x)− f (x)g(x)|
= | fn(x)| |gn(x)−g(x)|+ | fn(x)− f (x)| |g(x)|
= (M + ε)ε+ εM
= (2M + ε)ε.

Therefore fngn→ f g uniformly on E as n→ ∞. �
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