MATH 810 - REAL ANALYSIS

HW 2. Abstract measure spaces
Due 9/30/15

1. Let (X, M, ) be a measure space. Show that for any £, F € M, u(E)+ u(F) = p(EUF) +
w(ENF).

2. Let (X, M, i) be a measure space and let £ € M.

a) For A € M, define ug(A) = u(AN E). Show that ix is a measure on (X, M).

b) Define Mg = {F € M : F C E}. Show that My is a o-algebra of subsets of F and that
(E, Mg, pt|m,) is a measure space. (Note that |y, = pe|my-)

3. a) Let X be a set equipped with a o-algebra M. A function p : M — [0, 00| is called finitely
additive if

D) p(@) =0,

ii) and if Ey, Es, - - - E,, are disjoint sets in M, then p(U}, E;) = >0, u(E;).

Let X be an infinite set and M = P(X). Define p(£) = 0 if E is finite (or empty) and
wu(E) = oo if E is infinite. Show that 1 is finitely additive but not a measure.

4. Let X be an uncountable set. Let
M={ECX:E=0, E=X, Eis countable or E° is countable}.

Define p(F) = 0 if E is empty or countable, and p(E) = 1 if E€ is countable. Show that
(X, M, 1) is a measure space.

5. Let yy, pto, - - - i1, be measures on (X, M). Show that for any ay, as, - - -, a, € [0,00), " | a;fi;
is a measure on (X, M).

6. Let (X, M, ;1) be a measure space. Let V' = {N € M : u(N) = 0} andlet M = {EU F :
E € Mand F C N,N € N}. Show that M is a o-algebra. Show also that j1 defined on M by
i(E U F) = u(E) is the unique complete measure that extends p to M.

Extra credit:

7. Let X be a non-empty set, M = P(X), and f : X — [0, 00| an arbitrary function. Define for
EcM,E#0,
W(E) =Y f(z) =sup{>_ f(z): F C E,F finite},
el zeF

and p(0) = 0.

a) Show that (X, M, p) is a measure space.

b) Show that y is o-finite if and only if f(x) < oo for every x € X and {z : f(z) >
countable. (Hint: To show that ;1 o-finite implies {z : f(z) > 0} countable, use {z : f(x) >

Uz {a s flx) > 1/}
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