MATH 810 - REAL ANALYSIS

HW 5. More about integration and modes of convergence

Due 11/11/15

1. Let f : [0,a] — R be a measurable function. Show that if f is Lebesgue integrable on [0, a],
then

lim (@) dm(z) = / () dm(z).
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2. Let f : [0,a] — R be a measurable function. Show that if f is Riemann integrable on [b, a| for
all b > 0 and

/a |f(x)| do = bl_i)r&/ba\f(x)\da: <

0+
exists as an improper Riemann integral, then f is Lebesgue integrable on [0, a] and

a

/[o,a] fw)dm(@) = [ f(x)da.
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3.Let f : R — Rbegivenby f(z) = 1/,/|x| for |z| in (0,1) and f(z) = 1/2?* for |z|in (1, +00).
Compute the Lebesgue integral of f on R. Justify your computations. (Remark: It does not matter
how f is defined at O or 1.)

4. Let (X, M, ;1) be a measure space and let { f,,},, and {g, },, be sequences of measurable func-
tions. Show that if f, — f and g,, — ¢ in measure, then f,, + g, — f + ¢g in measure. How about
fn - g7 Justify your answer.

5. Let (X, M, uu) be a measure space with p(X') < oo. For f and g, measurable functions on X,
defined r |
-9

plf,9)= | =7
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Show that if we identify functions that are equal a.e. then p is a metric on the space of measurable
function and f,, — f in this metric if and only if f,, — f in measure.
(It is time to start reviewing about metric spaces if you have forgotten about them.)
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