
MATH 810 – REAL ANALYSIS

HW 6. More on Rn and products of measures

Due 11/30/15

1. a) Show that the function

F (y) =
∫
R

1

1 + x2
sin(y − x)

1 + (y − x)2
dm(x)

is continuous.
b) Is

f(x, y) =
1

1 + x2
sin(y − x)

1 + (y − x)2

Lebesgue integrable in R2? (Hint: remember that Lebesgue integration is translation invariant.)

2. Let Bn = {x ∈ Rn : |x| ≤ 1} be the unit ball in Rn. Show that m(Bn) = πn/2/Γ(n/2 +
1), where m is the Lebesgue measure in Rn. (Recall that Γ(x + 1) = xΓ(x), and πn/2 =∫
Rn e−|x|

2
dm(x).)

3. Show that for any ε > 0 the function f(x) = (1 + |x|n+ε)−1 is integrable in Rn with respect to
the Lebesgue measure.

4. Show that for any ε > 0 the function f(x) = |x|−n+εχK(x), where K is a compact set, is
integrable in Rn with respect to the Lebesgue measure.

5. Show that
∞∑

k=−∞

∞∑
n=0

2−(1+ε)n

(1 + 2−n|k|)2
<∞,

for any 0 < ε < 1, but that
∞∑

k=−∞

∞∑
n=0

2−n

(1 + 2−n|k|)2

is divergent. Justify your computations.

Hint: Prove and use the inequalities

c1 ≤
∫ ∞
1

2−n

(1 + 2−nx)2
dx ≤

∞∑
k=−∞

2−n

(1 + 2−n|k|)2
≤ 2−n + 2

∫ ∞
0

2−n

(1 + 2−nx)2
dx ≤ C2,

where the constants c1 and C2 are independent of n ≥ 0.


